Bell's theorem has been widely argued to show that some of the predictions of quantum mechanics which are obtained by applying the Born's rule to a class of entangled states, are not compatible with any local-causal statistical model, via the violation of Bell's inequalities. On the other hand, in the previous work, we have shown that quantum dynamics and kinematics are emergent from a statistical model that is singled out uniquely by the principle of Locality. Here we shall show that the local-causal model supports entangled states and give the statistical origin of their generation.
I. MOTIVATION
Attempts to provide a physically transparent, realist, and causal description underlying the abstract formalism and the inherent random nature of the predictions of quantum mechanics is as old as quantum mechanics itself. In this research program, one typically supplements the wave function with a set of hidden variables, traditionally denoted by λ, which together with the wave function determine completely the state of the system of interest, so that the Born's rule for the probability to get an outcome ω given the initial wave function of the system ψ 0 in an ensemble of identical measurements with setting parameters of the apparatus b, P (ω|b, ψ 0 ), admits causal description. The subscript '0' emphasizes that ψ 0 is the wave function of the system at the preparation. Within a hidden variable model, one therefore expects to decompose the probability to get various outcomes as a statistical mixture P (ω|b, ψ 0 ) = dλP (ω|λ, b, ψ 0 )P (λ|b, ψ 0 ), (1) such that P (λ|b, ψ 0 ), the distribution of the hidden variables given the setting parameter and the wave function, and P (ω|λ, b, ψ 0 ), the probability to get various outcomes given the hidden variables for the same setting parameter and the wave function, are derivable as mathematical theorems with transparent physical meaning, rather than heuristically postulated as the Born's rule in standard quantum mechanics. The model is said to be deterministic if the outcome is determined by the hidden variables so that P (ω|λ, b, ψ 0 ) is either 1 or 0.
Bell's theorem says that any statistical model of the above type is incompatible with the statistical predictions of quantum mechanics when the wave function of the system ψ 0 belongs to a class of entangled (inseparable) wave functions, if the model is local satisfying the separability hypothesis [1] [2] [3] [4] . The latter means that in a spacelike separated pair of joint measurements as in Bell-type experiments, when the system is completely characterized, the probability to get a pair of outcomes ω 1 and ω 2 at the two wings of the experiment, when the apparatus setting are respectively b 1 and b 2 , should be separable P (ω 1 , ω 2 |λ, b 1 , b 2 , ψ 0 ) = P (ω 1 |λ, b 1 , ψ 0 )P (ω 2 |λ, b 2 , ψ 0 ).
Namely, the probability to obtain ω 1 (2) at the first(second) wing must be independent of the apparatus setting b 2(1) (parameter independence), and of the outcome ω 2(1) (outcome independence) of the measurement conducted at the second(first) wing [5, 6] , and any statistical correlation of the pair of outcomes must be describable in term of the past local common causes characterized completely by λ and ψ 0 . Note that while the above hypothesis is originally inspired by the locality of the theory of relativity which presumes a finite maximum velocity of interaction given by the velocity of light in vacuum, the no-signaling of the latter only requires the model to satisfy the parameter independence. In this sense, Eq. (2) is often referred to as Bell's locality assumption. In a deterministic model, P (ω i |λ, b i , ψ 0 ), i = 1, 2, are either 1 or 0 so that ω i = ω i (λ, b i ), that is the outcome of measurement at one wing cannot depend on the setting parameter of the other wing, an assumption that is regarded by Bell as "vital" [1] .
There are other assumptions that are considered 'crucial' for the derivation of Bell's theorem by some authors, but attract(ed) less attention of most workers in the field. First is the assumption of measurement independence which says that changing the setting parameter of the apparatus does not affect the distribution of the hidden variables that determine the measurement outcomes [7] [8] [9] [10] [11] [12] [13] [14] [15] . Within the above form of statistical model, it means P (λ|b, ψ 0 ) = P (λ|ψ 0 ) which is equivalent to, via Bayes theorem, P (b|λ) = P (b). It is therefore often believed that it gives a mathematical representation of the freedom of the experimenter to choose the measurement setting at will independent of the hidden variables, thus is also referred to as freedom-to-choose or freewill hypothesis. Other authors have argued that Bell has tacitly made an assumption that there exists a single global/common Kolmogorov probability space (measure) for all pairs of incompatible measurement contexts corresponding to different settings which cannot be done simultaneously, which in general, as shown by Vorob'ev [16] , is not correct [17] [18] [19] [20] [21] [22] [23] [24] .
On the other hand, we have shown in the previous works that the abstract laws that govern the dynamics and kinematics of quantum mechanics can be derived from a statistical model based on a chaotic (effectively random) fluctuation of infinitesimal stationary action which is not only local satisfying the principle of Relativistic Locality, but is singled out uniquely by the latter [25, 26] . See also Refs. [27, 28] for related works. In the present paper we shall first argue that the model naturally supports entangled states: since the model is based on a random fluctuation of infinitesimal stationary action and action is evaluated in configuration space instead of in ordinary space, then for interacting compound system, the fluctuation of the whole can not be separated into the fluctuation of each subsystem. This statistical inseparability will be argued to generate entanglement during the interaction.
We shall then apply the model to Stern-Gerlach experiment for the measurement of angular momentum. Identifying the configuration of the whole system+apparatus as the hidden variables which determine the measurement outcomes in the statistical model, we shall show that Eq. (1), with the whole wave function of the system+apparatus replacing ψ 0 , leads immediately to the Born's rule. Born's rule is thus also shown as a mathematical theorem of the local-causal statistical model rather than as an independent postulate as in standard quantum mechanics.
These results, that entanglement and Born's rule are emergent in the local-causal statistical model, allow us to argue that nonlocality is not responsible for the violation of Bell's inequality predicted by quantum mechanics and confirmed by numerous experiments [29] .
The source of violation must lie hiding somewhere else.
II. A LOCAL STATISTICAL MODEL OF MICROSCOPIC RANDOMNESS
A. A statistical model based on a random fluctuation of infinitesimal stationary action Let us first summarize the essential points of the statistical model of quantum fluctuation reported in Refs. [25] [26] [27] [28] . Let us assume that the Lagrangian depends on a parameter ξ(t): L = L(q,q; ξ), fluctuating sufficiently chaotic in a microscopic time scale, whose physical origin is not our present concern. Here q is the configuration of the system,q . = dq/dt, where t is time parameterizing the evolution of the system. Let us assume that the time scale for the fluctuation of ξ is dt. Let us then consider two infinitesimally close spacetime points (q; t) and (q + dq; t + dt) in configuration space such that ξ is constant. Let us assume that fixing ξ, the principle of stationary action is valid to select a segment of path, denoted by J (ξ), that connects the two points. One must then solve a variational problem with fixed end points: δ(Ldt) = 0. This variational problem leads to the existence of a function A(q; t, ξ), the Hamilton's principal function, whose differential along the path is given by, for a fixed ξ,
where p(q) = ∂L/∂q is the momentum, and H(q, p; ξ) . = p ·q(p) − L(q,q(p); ξ) is the Hamiltonian which is also parameterized by ξ(t). Hence, dA(ξ) is just the 'infinitesimal stationary action' along the corresponding short path during the infinitesimal time interval dt in which ξ is fixed. Let us here note that we have implicitly assumed that ξ is a global parameter, having a uniform value across the universe. This is clear for example when considering a system of two (or more) particles arbitrarily spatially separated from each other. It is therefore natural to assume that ξ(t) is cosmological in origin the detail of which will be discussed somewhere else.
Varying ξ, the principle of stationary action will therefore pick up various different paths The stochastic processes is therefore completely described by a 'transition probability' for the system starting with a configuration q at time t to move to its infinitesimally close neighbor q + dq at time t + dt via a path J (ξ), denoted below by P ((q + dq; t + dt)|{J (ξ), (q; t)}).
Let us further assume that the transition probability above is determined by the fluctuation of the infinitesimal stationary action according to the following exponential law [25] [26] [27] [28] :
where S(q; t, ξ) is a chaotic (effectively random) quantity whose differential along the path
N is a factor independent of dS − dA the form of which to be specified later and γ(ξ) is a non-vanishing function of ξ with action dimensional, thus is in general randomly fluctuating along with time. The justification of the above exponential law will be given later. From
Eq. (5), one has dS(q; t, ξ) − dA(q; t, ξ) = (dA(q; t, −ξ) − dA(q; t, ξ))/2. Hence, to guarantee the negative definiteness of the exponent in Eq. (4) for normalizability, γ must flip its sign as ξ changes its sign. This fact allows us to assume that both γ and ξ always have the same sign. The time scale for the fluctuation of the sign of γ must therefore be the same as that of ξ given by dt. Since dA is just the infinitesimal stationary action, we shall refer to Eq. 
Hence, in a time interval of length τ ξ , the magnitude of the envelope of ξ is effectively constant while the sign of ξ may fluctuate randomly together with the sign of γ in a time scale dt. Moreover, in a time interval of length τ γ , |γ| is effectively constant and ξ fluctuates randomly so that the distribution of |dS − dA| is given by the exponential law of Eq. (4) characterized by |γ|. Let us further assume that the probability density of the occurrence of ξ at any time satisfies the following unbiased condition:
namely both of the signs of ξ are equally likely to occur. This assumption is equivalent to the assumption that the two signs of dS − dA occur equally probably. The probability density of γ is therefore also unbiased P (γ) = P (−γ).
From the exponential distribution of Eq. (4), fixing |γ| which is valid for a time interval less than τ γ , the average deviation from infinitesimal stationary action is given by
It is then natural to assume that the classical limit of macroscopic regime corresponds to the case when the average deviation from infinitesimal stationary action is much smaller than the infinitesimal stationary action itself: |dA|/|γ| ≫ 1, or formally when |γ| → 0. In this limiting case, from Eq. (4), one has P (dS|dA) → δ(dS − dA), or dS → dA, so that S satisfies the Hamilton-Jacobi equation due to Eq. (3). This suggests that |γ| must take microscopic values. Now let Ω(q, ξ; t) denotes the joint-probability density that the configuration of the system is q and a random value of ξ is realized at time t. Then according to the conventional (classical) probability theory, fixing ξ, the joint-probability density that the system initially at (q; t) traces the segment of trajectory J (ξ) and end up at (q +dq; t+dt), denoted below as Ω {(q+dq, ξ; t+dt), (q, ξ; t)} J (ξ) , is equal to the probability density that the configuration of the system is q at time t, Ω(q, ξ; t), multiplied by the transition probability between the two infinitesimally close points via the segment of trajectory J (ξ) which is given by Eq. (4).
One thus has
To further elaborate the above equation, one has to know the functional form of N. Let us assume that N takes the following general form:
where θ is a scalar function of S. Further let us consider the case when |(dS − dA)/γ| ≪ 1.
Inserting Eq. (10) into Eq. (9) and expanding the exponential on the right hand side up to the first order one gets
where dΩ(q, ξ; t) . = Ω {(q + dq, ξ; t + dt), (q, ξ; t)} J (ξ) − Ω(q, ξ; t) is the change of the probability density Ω due to the transport along the segment of trajectory J (ξ).
To guarantee a smooth correspondence with classical mechanics, the above equation must describe the dynamics of the classical ensemble of trajectories when dS = dA. Putting dS = dA in Eq. (11), dividing both sides by dt and taking the limit dt → 0, one obtainṡ Ω + θ(A)Ω = 0. This last equation must therefore be identified as the continuity equation
for the ensemble of classical trajectories. To do this, it is sufficient to choose θ(S) to be determined uniquely by the classical Hamiltonian as [25] [26] [27] [28] 
so that for dS = dA, it is given by the divergence of the corresponding classical velocity field.
Next, recalling that ξ is fixed during the infinitesimal time interval dt, one can expand the differentials dΩ and dS in Eq. (11) as dF = ∂ t F dt + ∂ q F · dq. Using Eq. (3), one finally obtains the following pair of coupled differential equations:
It is evident that, as expected, in the formal limit |γ| → 0, Eq. (13) (13) must not be interpreted that the momentum and energy of the particles are determined causally by the gradient of the probability density Ω (or ln(Ω)), which is physically absurd, rather it is the other way around as described explicitly by Eq.
(9).
Let us end this subsection by listing a couple of symmetry relations for S and Ω in the model which are valid by construction. First, from Eq. (5) one obtains, for a fixed value of ξ, the following symmetry relations:
Moreover, to comply with Eq. (7), Ω(q, ξ; t) has to satisfy the following symmetry relation:
Both Eqs. (14) and (15) will play important roles later.
B. Principle of Locality and statistical inseparability
Let us proceed to show that the above statistical model is consistent with the locality hypothesis demanded by the theory of relativity that due to the finite maximum veloc-ity of interaction given by the velocity of light in vacuum, two subsystems, one is outside the light cone of the other, cannot influence each other. To see this, it is sufficient to consider a compound system composed of two particles whose configuration is denoted by q = (q 1 , q 2 ), sufficiently separated from each other so that due to the relativistic locality, there is no physical-mechanical interaction between the two. The Lagrangian is thus decom-
, so that the infinitesimal stationary action is also decomposable: dA(q 1 , q 2 ; ξ) = dA 1 (q 1 ; ξ) + dA 2 (q 2 ; ξ), and accordingly one has, by virtue of Eq. (5), dS(q 1 , q 2 ; ξ) = dS 1 (q 1 ; ξ) + dS 2 (q 2 ; ξ). On the other hand, since
the Hamiltonian H is decomposable as
, is the momentum of the i−particle, then θ of Eq. (10) is also decomposable:
Inserting all these into Eqs. (4) and (10), one can explicitly see that the distribution of deviation from infinitesimal stationary action for the two spacelike separated particles is separable as
In this case, P (dS|dA) = P (dS 1 + dS 2 |dA 1 + dA 2 ) can thus be regarded as the jointprobability distribution of the deviation from infinitesimal stationary action of the noninteracting two particles system, and moreover, it is separable into the probability distribution of the deviation with respect to each single particle. Each is therefore independent of the other as required by the principle of Relativistic Locality, that is what happens with one of the particles has no effect whatsoever on the dynamics and statistics of the other spacelike separated particle. One can also clearly see that unlike the separability hypothesis of Eq.
(2) which refers to the statistics of outcomes of measurement, the separability of Eq. (16) is objective referring directly to the real factual situation (state) of the system, independent of measurement.
Notice further that the statistical separability for spacelike separated subsystems described by Eq. (16) is unique to the exponential law. A Gaussian distribution of deviation from infinitesimal stationary action for example does not have such a property. Namely, for a Gaussian law, the spacelike separated pair of particles may still influence each other in contradiction with the principle of Locality of the theory of relativity. Noting this fact, we have argued in Refs. [25, 26] that the exponential law for the transition probability of Eq. (4) is the unique form of the probability distribution of the deviation from infinitesimal stationary action, up to the global parameter γ, that is singled out among the infinitude of possibilities by the principle of Locality mathematically represented by Eq. (16). Now let us proceed to consider the case when the two particles compound system are interacting with each other. In this case, the total Lagrangian L is not decomposable so that the infinitesimal stationary action dA and also dS, which are evaluated in configuration space instead of in ordinary space, are not decomposable either. Equation (16) does no more hold. P (dS|dA) can no longer be regarded as a joint-probability density of the fluctuation of the deviation from infinitesimal stationary action with respect to the two particles. One cannot attribute to each particle a probability density of the fluctuation of the deviation from infinitesimal stationary action. The only way to identify the statistics of the fluctuation of infinitesimal stationary action of the system is through P (dS|dA) which, for interacting compound systems, refers to the whole compound.
In this sense, there is a statistical inseparability of the randomness in the whole system: the randomness of the whole compound system, which is generated by the fluctuation of infinitesimal stationary action, cannot be regarded as arising from the randomness of each subsystem. Rather it is the other way around: the randomness of each subsystem is induced by the random fluctuation of the whole compound system or the randomness of the whole gives a global constraint/context to the randomness of each subsystem. We have thus a topdown information flow [30] . Statistically, the interacting compound system must therefore be regarded as a single unanalyzable (indivisible) whole. Note however that one can still identify each particle by specifying its position and momentum.
This situation for interacting compound system in the statistical model is fundamentally different from the conventional stochastic motion based on a pair of random forces, each acting on a single particle. In this later case, one can always define joint-probability density of the two random forces so that the randomness of the whole compound system can be said to originate from the combination of the randomness of each subsystem and their correlation via the usual bottom-up information flow. We shall show in the next sections that the above statistical inseparability in the statistical model due to a top-down information flow is responsible for the so-called quantum mechanical entanglement, and also for the peculiar properties of quantum measurement which are absent in the conventional classical mechanics.
III. QUANTIZATION: THE STERN-GERLACH EXPERIMENT
Let us apply, in this section, the statistical model of microscopic random deviation from classical mechanics developed in the previous section to investigate the Stern-Gerlach experiment for the measurement of angular momentum. We shall first discuss in the next subsection the Stern-Gerlach experiment within classical mechanics, and apply the statistical model to 'quantize' its dynamics in the following subsection.
A. Classical model of Stern-Gerlach experiment
Let us assume that we have a beam of neutral atoms whose center of mass coordinate is denoted by q a = (x a , y a , z a ), each containing an electron with coordinate q e = (x e , y e , z e ), sent one by one to a Stern-Gerlach apparatus. The interaction between the atom and the magnetic field of the Stern-Gerlach apparatus is thus mainly due to the angular momentum of the electron l e = q e × p e . Further, let us assume that the magnetic field is non-vanishing only in one direction and take that direction as the z−axis: B = (0, 0, B z ). For the sake of simplicity, let us assume that B z is linear in z: B z = B ′ z a , where B ′ is some constant [31] .
In this case, the classical interaction-Hamiltonian can be approximated as
where µ = eB ′ /2m e c with e is the charge of electron, m e is its mass, c is the velocity of light, and l ze = x e p ye − y e p xe is the z−component of the angular momentum of the electron.
Further, let us assume that the free Hamiltonian of the electron is negligible as compared to that of the rest of the atom. Hence, the total Hamiltonian is approximately given by
Here H a is the free Hamiltonian of the atom which reads
where m a is the mass of the atom.
First, one has, during the measurement-interactionl ze = {l ze , H} = 0. Hence, the measurement-interaction conserves the z−angular momentum of the electron prior to interaction. The other component of angular momentum are in general not conserved. On the other hand, one also hasṗ za = {p za , H} = µl ze , which can be integrated twice, noting that l ze is a constant of motion, to givė
where T is the time-span of measurement-interaction and we have used p a = m aqa and assumed thatż a (0) = z a (0) = 0.
At time t ≥ T the particle leaves the magnetic region of the Stern-Gerlach apparatus so that the atom now moves approximately freely dictated by the free Hamiltonian H a with the initial velocity and position given by Eq. (20) . Let us define t M = t − T . The z−coordinate of the atom at t ≥ T then evolves with time as
In this way z a (t M ) is naturally regarded as the pointer of measurement (the reading of the experiment) from the value of which one can operationally infer the value of l ze prior to 
where 
Let us then consider a time interval of length τ ξ during which ξ is effectively constant while the sign of ξ fluctuates randomly with equal probability so that the pair of equations in (13) applies. Note that from Eq. (6), in this interval of time, |γ| is also effectively constant.
Using the kinematic part of the Hamilton equation,q = ∂H/∂p, inserting Eq. (22), the upper equation of (13) readṡ
where g ξ (z a ) . = µ ξ z a . Assuming the conservation of probability, one then obtains the following continuity equation:
On the other hand, from Eq. (22), θ(S) of Eq. (12) is given by
The lower equation of (13) thus becomes
Plugging the upper equation of (13) into the left hand side of Eq. (27) , and using Eq. (22), one obtains, after arrangement
where R . = √ Ω and we have used the identity:
Taking into account Eq. (25), the last term in the bracket of Eq. (28) vanishes to give
We have thus a pair of Eqs. (25) and (30) which is parameterized by γ. This pair of equations is valid in a microscopic time interval of length τ ξ during which the magnitude of the envelope of ξ, that is ξ , is constant while its sign changes randomly with equal probability [25, 26, 28] . Averaging Eq. (25) for the cases ±ξ, recalling that the sign of γ is the same as that of ξ, one has, by virtue of Eqs. (14) and (15),
where for any function H of ξ, we have defined
Similarly, averaging Eq. (30) over the cases ±ξ, thus is also over ±γ, one gets
We thus have a pair of Eqs. (31) and (33) which are now parameterized by |γ| valid for a microscopic time interval of length τ ξ characterized by a constant ξ .
Next, from Eq. (23), assuming that the fluctuation of ξ around its vanishing average is sufficiently narrow, one has, in the lowest order approximation
Taking this into account, the pair of Eqs. (31) and (33) can thus be approximated as
Further, noting that γ is non-vanishing, let us proceed to define the following complex-valued function:
Using Ψ and recalling that |γ| is constant during the microscopic time interval of interest with length τ ξ , the pair of equations in (35) can then be recast into the following compact form:
Let us then consider a specific case when |γ| is given by the reduced Planck constant , namely γ = ± with equal probability for all the time, τ γ = ∞, so that the average of the deviation from infinitesimal stationary action distributed according to the exponential law of Eq. (4) is given by
Moreover, recalling that the fluctuation of ξ around its vanishing average is sufficiently narrow, one can approximate Ω(q, ξ; t) and S(q; t, ξ) by the corresponding zeroth order terms in their Taylor series, denoted respectively by ρ Q (q; t) and S Q (q; t). In this specific case, the lowest order approximation of Eq. (37) then gives the following Schrödinger equation:
is the quantum mechanical linear momentum operator corresponding to the i−degree of freedom,l ze . = x epye − y epxe is the z−component quantum mechanical angular momentum operator pertaining to the electron, and the quantum mechanical wave function Ψ Q is defined as Ψ Q (q; t) . = ρ Q (q; t)e i S Q (q;t) .
From Eq. (40), the Born's statistical interpretation of wave function is clearly valid by
Further, recall that Eq. (24) is valid for a time interval of length τ ξ in which ξ is effectively constant while the sign of ξ fluctuates randomly with equal probability. It is then natural to define an 'effective' velocity as q(|ξ|) = (q(ξ) +q(−ξ))/2. Inserting Eq. (24) one gets, noting that the sign of γ is always the same as that of ξ, ẋ e = −g(z a )y e , ẏ e = g(z a )x e , ż e = 0,
where we have used Eqs. (14) and (15) and counted only the zeroth order terms.
C. Statistical inseparability as the origin of quantum entanglement
As discussed at the end of Subsection II B, for a compound system with interacting subsystems, say a system of interacting two particles, the infinitesimal stationary action dA is not decomposable so that dS is not decomposable either. Since by construction S is the phase of the wave function defined in Eqs. (36) or (40), then in this case, the phase must be in general not decomposable. Otherwise, if S is decomposable, then its differential must also be decomposable so that the two particles must not be interacting with each other in contradiction with our initial assumption. Hence, for interacting two particles system, the wave function of the whole compound is in general inseparable into the wave function of each subsystem
In other words, in this case, one can not attribute a wave function defined as in Eqs. (36) or (40) to each subsystem.
We have thus an entangled wave function. Moreover, the inseparability of the wave function or entanglement is preserved even when the interaction is turned off. We shall give in the next Section an example of such a generation of entanglement and its preservation when the interaction is turned off while applying the statistical model to describe the SternGerlach experiment. Let us note however that when the interaction is turned off, while the wave function is still inseparable, the statistics of infinitesimal change of its phase must satisfy the separability condition of Eq. (16) in accord with the principle of Locality.
We have therefore argued that the statistical origin of the generation of the entanglement could be traced to the fact that since action is evaluated in configuration space instead of it is the other way around: the randomness of the whole gives a global constraint (context) to the randomness of each subsystem, a manifestation of a top-down causation [30] . Each subsystem cannot be truly random, but is correlated in a subtle and nontrivial way with the other.
IV. QUANTUM MEASUREMENT A. A single measurement event
Now let us discuss the detail process of a single measurement event in the Stern-Gerlach experiment. Let us first assume that the magnetic field is sufficiently strong so that the interaction is impulsive. In this case, during the interaction, one can neglect the contribution of the free atomic Hamiltonian, so that the evolution of the wave function is approximately governed by the following Schrödinger equation:
For simplicity, let us assume that the initial wave function of the total system prior to entering the Stern-Gerlach magnetic apparatus is separable
Let us further expand the total wave function at time t, Ψ Q (q e , q a ; t), in term of the complete set of orthonormal eigenfunctions of the z−angular momentum operator {φ lz (q e )}, l z = 1, 2, . . . , satisfyingl ze φ lz = ω lz φ lz , where ω lz is the corresponding eigenvalue. One thus has
where {c lz } is a set of complex numbers. Putting t = 0, one must identify ϕ lz (q a ; 0) = ϕ 0 (q a ) for all l z , and ψ 0 (q e ) = lz c lz φ lz (q e ). Hence {c lz } is the set of coefficients of expansion of the initial electronic wave function in term of the complete set of orthonormal z−angular momentum eigenfunctions.
Inserting Eq. (46) into the Schrödinger equation of (44) one obtains i ∂ t ϕ lz = g(z a )ω lz ϕ lz , which can then be directly integrated to give
Putting this back into Eq. (46), the total wave function at the exit of the Stern-Gerlach magnetic system at t = T is thus
where we have defined ∆ lz . = µω lz T . One can thus see that as time flows, the atomic wave function gets a new phase with a wave vector along the z−direction given by ∆ lz and becomes entangled with the electronic wave function.
After passing through the Stern-Gerlach magnet, at t ≥ T , the wave function, now denoted by Ψ M (q; t M ), where t M = t − T ≥ 0, then evolves approximately freely. Let us take the direction of the beam of the atoms as the y−axis, so that the y−degree of freedom of the evolution of the wave function is not relevant for our subsequence discussion. After passing through the magnetic field, the wave function is thus governed by the following Schrödinger equation:
The above equation has to be solved subject to the initial wave function at t M = 0 given by Eq. (48): Ψ M (q; 0) = Ψ Q (q; T ). To do this, let us take a concrete model when the initial atomic wave function is given by a separable Gaussian
up to a normalization constant, where σ x 0 and σ z 0 are the widths of the Gaussians for the x− and z−degrees of freedom respectively. The Schrödinger equation of (49) can then be solved exactly to give
where
One can thus see that at time t M = t − T , measured just after the particle leaving the region with non-vanishing magnetic field of the Stern-Gerlach apparatus, the z−part of the Gaussian packet becomes a series of Gaussian packets, the center of each is shifted from that of the original with an amount that depends linearly on ω lz
while the center of the x−part of the atomic Gaussian wave function remains fixed; the widths of all Gaussians are increasing with time. It is also clear that the sign of the shift is the same as the sign of ω lz . Each Gaussian packet ϕ lz (q a ; t M ) is correlated to one of the eigenfunction φ lz (q e ) of the z−angular momentum operatorl ze corresponding to eigenvalue ω lz . Further, the distance between the centers of two neighboring packets is given by
which is larger for larger values of µ, T and t M . If this distance is much larger than the z−part spatial spreading of the Gaussian wave packets ϕ lz (q a ; t M ), then the z−part of the series of Gaussians are effectively not overlapping with each other, each is correlated, one to one, to the eigenfunctions of the z−angular momentum operator φ lz (q e ).
Next, to have a physically and operationally smooth quantum-classical correspondence, one must let q a (t M ) has the same physical and operational status as the underlying classical mechanical system discussed in the previous subsection: namely, it must be regarded as the pointer of the measurement, the reading of the experiment. One may then infer that the 'outcome' of a single measurement event corresponds to the packet ϕ lz (q a ; t M ) whose support is actually entered by the atom. Namely, if z a (t M ) belongs to the spatially localized z−part support of ϕ lz (q a ; t M ), then we operationally admit (register) that the result of the measurement is given by ω lz , the eigenvalue ofl ze whose corresponding eigenfunction φ lz (q e )
is correlated with ϕ lz (q a ; t M ). The probability that the measurement yields ω lz is thus equal to the relative frequency that z a (t M ) enters the support of ϕ lz (q a ; t M ) in a large (in principle infinite) number of identical experiments.
B. Ensemble of identical measurement and Born's rule
It is then imperative to calculate the probability that z a (t M ) belongs to the support of ϕ lz (q a ; t M ) when the initial electronic wave function is given by φ(q e ) = lz c lz φ lz (q e ). First, given the total wave function at time t M , Ψ M (t M ), the probability that the measurement yields ω lz can be written as, following Eq. (1),
where b z is the unit vector along the z−axis, P (q e , q a |b z , Ψ M (b z )) is the joint-probability of q e and q a when the total wave function is Ψ M (b z ) at time t M and P (ω lz |q e , q a , b z , Ψ M (b z )) is the probability that the measurement yields ω lz when the configuration is q = (q e , q a ) and the total wave function is Ψ M (b z ) at time t M . Here we have made transparent the dependence of all the probabilities on b z (the magnitude of the magnetic field plays marginal role in the model).
Comparing Eq. (54) with Eq. (1), we have thus regarded the configuration of the system, q = (q e , q a ), as the hidden variable in the sense discussed in Section I: λ = (q e , q a ). Such an identification is natural, since, as is evident in Eq. (13), it is only by specifying the configuration of the system that the wave function defined in Eqs. (36) or (40) determines the momentum or velocity of the system. Moreover, notice that unlike Eq. (1) which is supposed to depend only on the wave function at the preparation ψ 0 , Eq. (54) takes into account the fact that as is evident in the discussion in the previous subsection, the whole wave function of the system+apparatus plays irreducible role. We have also made explicit the fact that, due to the fluctuation of infinitesimal stationary action, by construction, the total wave function after the interaction must depend on the setting parameter b z .
Let us now discuss the two quantities that appear on the right hand of Eq. (54). First, one has, inserting Eq. (51) into Eq. (41),
where in the last (approximate) equality we have taken into account the fact that for sufficiently large values of µ and T , {ϕ lz (q a ; t M )} in Eq. (51) effectively does not overlap for different values of l z so that the cross-terms are all (approximately) vanishing, and for later purpose, we have made explicit the dependence of all terms on b z .
Further, since as argued above, given the configuration of the whole system and the total wave function, the outcome of measurement is operationally inferred to be ω lz if z a (t M )
belongs to the support of ϕ lz (q a ; t M , b z ), then P (ω lz |q e , q a , b z , Ψ M (b z )) is given by
where U ϕ lz is the support of ϕ lz (q a ; t M , b z ) at time t M , and following the notation of Ref.
[32], 1{"event"} is an indicator variable which is equal to 1 if the "event" happens and 0 if not.
Finally, inserting Eqs. (55) and (56) into Eq. (54) one gets
reproducing the prediction of standard quantum mechanics as prescribed by the Born's rule.
From the isotropy of the classical Hamiltonian and the fact that the model is coordinate free, the same conclusion must apply for any orientation of the magnetic field. For example, instead of directing the magnetic field of the Stern-Gerlach apparatus along the z−axis, let us now align the magnetic field along, say the x−axis. In this case, one has B = (B x , 0, 0)
where B x = B ′ x a so that the interaction Hamiltonian now takes the form
where l xe = y e p ze − z e p ye is the x−component angular momentum of the electron. Applying the statistical model, neglecting the free Hamiltonian of the electron and repeating exactly all the steps for the case when the magnetic field is pointing along the z−axis, one immediately obtains, in the lowest order approximation
wherel xe . = y epze − z epye is the quantum mechanical x−angular momentum operator pertaining to the electron.
One can then proceed exactly as for the case when the Stern-Gerlach magnet is pointing along the z−axis to describe a single measurement event and the statistics of outcomes of its ensemble. First, evolving the initial separable wave function of Eq. (45), neglecting the free atomic Hamiltonian during the interaction, the atomic part of the wave function gets a new phase now with a wave vector along the x−axis, and it becomes entangled with the electronic wave function
where φ lx , l x = 0, 1, 2, . . . , is the eigenfunction belonging to the eigenvalue ω lx of the x−angular momentum operatorl x ,l x φ lx = ω lx φ le , {c lx (b x )} is the set of coefficients of expansion of the initial electronic wave function in terms of the complete orthonormal set the x−angular momentum eigenfunctions, {φ lx }, and ∆ lx . = µω lx T .
Further, after passing through the magnetic region of the Stern-Gerlach apparatus, the total wave function evolves according to the free atomic Hamiltonian. Assuming again that the initial atomic wave function is given by the same Gaussian of Eq. (50), one obtains at
The x−part of the Gaussian packet becomes a series of Gaussian packets the center of each is shifted from that of the original with an amount that is linear with ω lx , while the center of the z−part Gaussian is left unchanged. Repeating all the calculation as before, assuming that the x−part of the series of Gaussians atomic wave function ϕ lx are (approximately) not overlapping with each other for sufficiently large µ and T , the distribution of the hidden variables (q e , q a ) at time t M now takes the form, due to Eq. (41),
On the other hand, to have a smooth quantum-classical correspondence, regarding q a (t)
as the pointer to infer the measurement outcome as before, one has
namely, the experiment registers ω lx if x a (t M ; b x ) belongs to the support of ϕ lx (q a ; t M , b x ) denoted by U ϕ lx .
Finally, from Eqs. (62) and (63), one obtains
reproducing again the prediction of quantum mechanics as prescribed by the Born's rule. given by the Born's rule
where c l b = dq e φ * l b
(q e )ψ 0 (q e ) with φ l b is the eigenfunction ofl b belonging to the eigenvalue ω l b .
C. Discussion
First, let us note that the above argumentation is similar to that of the de Broglie-Bohm hidden variable model, the pilot-wave theory [33] , in which the configuration of the whole system is also regarded as the hidden variable. One can see from Eqs. (56) and (63) that like the pilot-wave theory, the model is deterministic in the sense that the hidden variables determine the outcome of measurement: ω = ω(q a ; b). However, unlike the pilot-wave theory, the wave function defined in Eqs. (36) or (40) is evidently not a physical field, but is an artificial mathematical construct. The fundamental assumption that the wave function in pilot-wave theory is a physical field living in configuration space rather than in ordinary space has been known to lead to a conceptual difficulty, and furthermore implies rigid nonlocality. The role of the apparatus is no longer merely revealing the value of the angular momentum prior to measurement-interaction. In this sense, the term "apparatus" thus loses its significant (classical) role. It is even questionable to call such an experiment a measurement.
There are however at least two reasons to call such an experiment a measurement: first, its classical limit can unambiguously be regarded as measurement, and second, as argued in
Ref. [28] , repeating immediately the same measurement as the previous one yields the same outcome. It has been shown in Ref. [28] , however, that using Eq. (65) and the upper equation in (13) , the average of the outcomes of measurement when the magnetic field is directed along an axis in an ensemble of identical experiments, is equal to the average of the actual values of the angular momentum along the same axis prior to measurement over the distribution of the configuration.
The orientation of the magnetic field of the Stern-Gerlach apparatus evidently plays essential role in the measurement of angular momentum. First, it determines the form of the interaction Hamiltonian which in turn is responsible for the emergence of a mathematical entityl b , which in the standard quantum mechanical nomenclature is called as the angular momentum operator along the b−axis. As shown above, the latter is central in the subsequence discussion, determining the set of all possible outcomes of each single measurement event that is given by its discrete spectrum of eigenvalues, and the probability to get various outcomes in an ensemble of identical measurements that is given by the absolute square of the overlap between the initial electronic wave function and the eigenfunction ofl b , that is the Born's rules.
It is then clear from the above discussion that the quantum mechanical angular momentum operatorsl b arise formally as artificial mathematical entities depending on the whole configuration/arrangement of the measurement-interaction described by the interaction Hamiltonian. Hence, they cannot be granted independent physical ontology attached to the system being measured alone. Since the outcome of measurement is given by one of the eigenvalues of the operator, then one may conclude that the outcome of the measurement cannot be regarded as reflecting the property attached to the system being measured alone, We have thus given a causal description for the emergence of Born's rule within the local-causal statistical model in which the configuration of the whole system+apparatus is regarded as the hidden variables in the sense of Section I, which together with the whole wave function determine the measurement outcome.
V. BELL'S LOCALITY ASSUMPTION
We have argued that measurement of angular momentum can be described as a specific type of physical interaction. Namely, the cases when there is no measurement and when there is a measurement are treated in a unified way within the statistical model, satisfying the same local-causal dynamical and statistical law given by the exponential distribution of deviation from infinitesimal stationary action of Eq. (4), necessitating no external concepts. Now let us consider the situation in Bell-type experiment where one is interested in the statistical correlation between a set of pairs of spacelike separated detection (measurement)
events. Since the statistics of any events, whether they are detection events in measurementinteraction or not, must satisfy the objective locality (separability) condition of Eq. (16) when they are separated by spacelike interval, then the statistics of the measurement outcomes must necessarily satisfy the Bell's locality assumption of Eq. (2). That is to say, if at the two wings of the Bell-type experiment we perform Stern-Gerlach experiments, then the probability that at the end of a measurement one of the atoms in the pair at the first(second) wing (labeled below by subscript 1(2)) with coordinate q a 1(2) enters the support of a particular packet ϕ l b 1(2) corresponding to a certain measurement outcome ω l b 1(2) with l b 1(2) = 1, 2, 3, . . . , when the orientation of the corresponding Stern-Gerlach magnet is b 1 (2) , is independent from anything that happens with the other atom at the second(first) wing, and vice versa P (ω l b 1 , ω l b 2 |{q e 1 , q a 1 , b 1 }, {q e 2 , q a 2 , b 2 }, ψ 0 ) = 1{q a 1 (t M ; b 1 ) ∈ U ϕ l b 1 }1{q a 2 (t M ; b 2 ) ∈ U ϕ l b 2 } = P (ω l b 1 |q e 1 , q a 1 , b 1 , ψ 0 )P (ω l b 2 |q e 2 , q a 2 , b 2 , ψ 0 ).
This is so even when the pair of the atoms are emitted from a source in any entangled state 
